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Abstract
We prove that Fredholm composition operators acting on the uniform algebra H∞(BE) of bounded
analytic functions on the open unit ball of a complex Banach space E with the approximation property are
invertible and arise from analytic automorphisms of the ball.
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1. Introduction
Let E denote a complex Banach space with open unit ball BE , and let ϕ : BE → BE be
a nonconstant analytic map. In this paper, we consider composition operators Cϕ defined by
Cϕ(f ) = f ◦ ϕ, acting on the uniform algebra H∞(BE) of bounded analytic functions on BE
endowed with the norm ‖f ‖ = sup{|f (x)|: x ∈ BE}, f ∈ H∞(BE). Evidently Cϕ is bounded,
and ‖Cϕ‖ = 1 = Cϕ(1).
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and the codimension of its image are finite. This occurs if and only if T is invertible modulo
compact operators, that is, there is a bounded operator S such that both T S − I and ST − I are
compact. Our goal is to prove the following.
Theorem 1.1. Let E be a Banach space with the approximation property. If Cϕ : H∞(BE) →
H∞(BE) is a Fredholm operator, then in fact Cϕ is invertible, and ϕ is an analytic automorphism
of BE .
Fredholm operators have their origins at the roots of functional analysis, where they arose in
connection with integral equations. Since the paper [7] by Cima, Thomson and Wogen, where
they proved that the Fredholm composition operators on H 2 are invertible, many authors have
studied Fredholm composition operators acting on Banach spaces of analytic functions of a finite
number of variables (see for example [15] and [14] and references therein). A typical result is
that a composition operator is Fredholm only if its symbol is an invertible analytic function. In
the finite-dimensional case, two main ingredients of the proofs are local compactness and the
inverse function theorem. In the infinite-dimensional setting there is no local compactness and
the validity of the inverse function theorem is still an open question. The proof of our main result
requires some function theory for analytic functions on infinite-dimensional spaces including the
use of linear interpolating sequences for the space at hand, together with a Banach space version
of a type of inverse function theorem proved for Hilbert space by Cima and Wogen [6]. It is also
useful to realize the existence of a predual of H∞(BE) and to connect it with the composition
operator.
The paper is organized as follows. In Section 2 we give some background on the function
theory we use, and we obtain a result on weak-star continuous homomorphisms of H∞(BE); it
yields a characterization of those homomorphisms on H∞(BE) that are composition operators.
In Section 3 we treat the bicontinuity of the symbol, and in Section 4 we treat the bianalyticity
of the symbol. In Section 5 we give an application to weighted composition operators.
For background on analytic maps on Banach spaces, we refer the reader to [5,8,13] and for
background on Fredholm operators we refer to [17]. Throughout this paper all appearing homo-
morphisms are unital. For a given uniform algebra, its spectrum is the set of all complex-valued
homomorphisms defined on it.
2. Some preliminaries on H∞(BE)
The algebra H∞(BE) is a weak-star closed subalgebra of ∞(BE), hence is the dual of the
quotient Banach space 1(BE)/H∞(BE)⊥. (See [13, p. 196].) A bounded net {fα} in H∞(BE)
converges weak-star if and only if it converges pointwise on BE , and this occurs if and only if it
converges uniformly on compact subsets of BE . Evidently the evaluation functionals δx at points
x ∈ BE are weak-star continuous.
We denote by i : E∗ → H∞(BE) the natural embedding map, and for a fixed z ∈ BE , we
denote by dz : H∞(BE) → E∗ the projection operator dzf = f ′(z), where f ′(z) is the linear
term of the Taylor series of f at z. Thus dz ◦ i is the identity operator on E∗.
Lemma 2.1. The inclusion operator i : E∗ → H∞(BE) is the adjoint of the map j : 1(BE)/
H∞(BE)⊥ → E defined by j (x¯) =∑akxk , where x¯ =∑akδx +H∞(BE)⊥.k
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∑
akδxk ∈ H∞(BE)⊥, then
∑
akxk = 0, so the operator j is well defined, and j is
linear. If L ∈ E∗, then 〈j (x¯),L〉 =∑akL(xk) = 〈x¯, i(L)〉. It follows that j is bounded and
j∗ = i. 
Lemma 2.2. For fixed z ∈ BE , the projection operator dzf = f ′(z) of H∞(BE) onto E∗ is the
adjoint of an operator ez : E → 1(BE)/H∞(BE)⊥. Further, j ◦ez is the identity operator on E.
Proof. It suffices to show that dz is continuous from the weak-star topology of H∞(BE) to
the weak-star topology of E∗. In view of the Krein–Šmulian theorem (see [9]), it suffices to
check the weak-star continuity on bounded subsets of H∞(BE). For this, consider the expression
(dzg)(x) = ddλg(z+λx)|λ=0. If {fα} is a bounded net in H∞(BE) that converges weak-star to f ,
then {fα} converges uniformly to f on small λ-disks centered at z, so that the λ-derivatives also
converge. This establishes weak-star continuity. Since e∗z ◦j∗ = dz◦i = IE∗ , also j ◦ez = IE . 
We return to the analytic self-map ϕ of BE . Evidently Cϕ is continuous with respect to the
weak-star topology of H∞(BE), so Cϕ is an adjoint operator. We denote the pre-adjoint operator




)= δϕ(z) +H∞(BE)⊥, z ∈ BE.
We will use the following identity.
Lemma 2.3. The composition operator Cϕ and its pre-adjoint Cϕ satisfy
dz ◦Cϕ = ϕ′(z)∗dϕ(z), Cϕ ◦ ez = eϕ(z) ◦ ϕ′(z)x.
Proof. For fixed f ∈ H∞(BE) and x ∈ E, the pairing between E∗ and E satisfies 〈(dz ◦
Cϕ)f, x〉 = 〈dz(f ◦ ϕ), x〉 = 〈dϕ(z)f,ϕ′(z)x〉 = 〈ϕ′(z)∗dϕ(z)f, x〉, where we have used the chain
rule for the second equality. This yields the first identity, and the second follows by duality. 
The hypothesis in the main theorem that E has the approximation property enters the picture
only in the proof of the following theorem. We do not know whether the hypothesis is necessary.
Theorem 2.4. If E has approximation property, then the only weak-star continuous complex-
valued homomorphisms of H∞(BE) are the evaluation functionals at points of BE .
Proof. Let u be a weak-star continuous homomorphism of H∞(BE). Let y = u|E∗ = u ◦ i.
Since i is weak-star to weak-star continuous, it turns out that y ∈ E. We claim that y ∈ BE and
u = δy . Note that u is also continuous on bounded subsets of H∞(BE) for the compact open
topology, τ0. An application of the Banach–Dieudonné theorem for the space P(mE) of contin-
uous m-homogeneous polynomials [16, Theorem 2.1], leads to the (P (mE), τ0)-continuity of u.
Then u(P ) = P(y) for all finite-type polynomials and hence for all m-homogeneous polynomi-
als because of the approximation property. Choose g ∈ E∗ such that ‖g‖ = 1 and g(y) = ‖y‖,
and consider the τ0-null sequence {gn} in the unit ball of H∞(BE). From u(gn) = u(g)n → 0
it follows that |u(g)| < 1, and therefore ‖y‖ < 1. If f ∈ H∞(BE), the sequence of the Cesàro
means (σmf ) of its Taylor series forms a bounded set in H∞(BE) that τ0-converges to f . Thus
u(f ) = limu(σmf ) = limσmf (y) = f (y). 
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As a byproduct of the above theorem the converse also holds when the underlying space has the
approximation property.
Corollary 2.5. Let T : H∞(BF ) → H∞(BE) be a weak-star to weak-star continuous homomor-
phism, where F is a complex Banach space. If F has the approximation property, then there is
ϕ : BE → BF analytic such that T = Cϕ .
Proof. For each x ∈ BE, the homomorphism δx ◦ T is weak-star continuous. Hence by Theo-
rem 2.4, there is a point, say ϕ(x) ∈ BF such that δx ◦ T = δϕ(x). We claim that the mapping
ϕ : BE → BF is analytic. Firstly, we remark that∥∥ϕ(x)− ϕ(y)∥∥ ‖δϕ(x) − δϕ(y)‖ ‖T ‖‖δx − δy‖
and then we use the Schwarz type inequality proved in [4],
‖δx − δy‖ 2‖x − y‖1 − ‖x‖
to conclude that ϕ is a continuous mapping. Now it is clear that T (f ) = Cϕ(f ). This shows that
ϕ is weakly analytic, hence, analytic, and that T = Cϕ . 
3. Bicontinuity of symbols of Fredholm composition operators
Lemma 3.1. If Cϕ : H∞(BE) → H∞(BE) is Fredholm, then ϕ−1(K) is strictly inside BE for
any compact set K ⊂ BE .
Proof. Otherwise, there is a compact set K ⊂ BE for which ϕ−1(K) is not strictly inside BE . In
other words, there is a sequence {xn} such that ‖xn‖ → 1 and ϕ(xn) ∈ K . According to Corol-
lary 7 in [10] (see also Theorem 2.5 in [11]), we can upon passing to a subsequence find functions
Fk ∈ H∞(BE) and M > 0 such that Fk(xn) = 0 if n = k, Fk(xk) = 1, and ∑ |Fk| < M on BE .
This latter condition implies that {Fk} converges weakly to zero in H∞(BE). Since Cϕ is Fred-
holm, there are operators S and Q on H∞(BE), Q compact, such that CϕS − I = Q. Then
Cϕ(S(Fk))− Fk = Q(Fk), and |S(Fk)(ϕ(xk))− 1| = |Q(Fk)(xk)| ‖Q(Fk)‖. Since Q is com-
pact and Fk converges weakly to 0, we have ‖Q(Fk)‖ → 0, and S(Fk)(ϕ(xk)) → 1. However,
S(Fk) → 0 weakly in H∞(BE), which clearly implies that S(Fk) → 0 uniformly on compact
subsets of BE . This leads to |S(Fk)(ϕ(xk))| → 0, because {ϕ(xk)} lies in the compact set K
of BE . Thus we have a contradiction. 
Lemma 3.2. If Cϕ : H∞(BE) → H∞(BE) is Fredholm, then ϕ−1(K) is compact in BE for any
compact set K ⊂ BE , that is, ϕ is a proper map. In particular, ϕ is a closed map.
Proof. Let {xn} be a sequence in BE such that ϕ(xn) ∈ K . We must show that {xn} has a sub-
sequence that converges to a point x ∈ BE . Passing to a subsequence, we may assume that
ϕ(xn) → w0 ∈ BE . Now an operator is Fredholm if and only if its adjoint is Fredholm (see [17]).
Consequently the adjoint map C∗ϕ : H∞(BE)∗ → H∞(BE)∗ is Fredholm, and there are oper-
ators S and Q on H∞(BE)∗, Q compact, such that SC∗ − I = Q. Since {δxn} is bounded inϕ
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of H∞(BE)∗. Since the map x ∈ BE → δx ∈ H∞(BE)∗ is continuous, C∗ϕ(δxn) = δϕ(xn) → δw0
in H∞(BE)∗. Therefore δxn = S(C∗ϕ(δxn))−Q(δxn) converges in the norm of H∞(BE)∗. Since
‖xn − xm‖  ‖δxn − δxm‖, {xn} is a Cauchy sequence in E, and xn → x for some x ∈ E.
Since ϕ(xn) ∈ K , the preceding lemma shows that the xn’s lie strictly inside BE , so that
xn → x ∈ BE . 
In the proof of Theorem 3.4 we will use the following result, which follows easily from
Theorem 9.8 of [12]. Since the result is not stated formally in [12], and there is a misprint in the
proof, we condense the proof given in [12] to give a direct proof for the case at hand.
Lemma 3.3. Let A be a uniform algebra, and let B be a subalgebra of A of finite codimension
in A. Then the spectrum MB of B is obtained from the spectrum MA of A by identifying a finite
number of pairs of points or MB = MA.
Proof. We can assume that B is a maximal proper subalgebra of A. Let J be the ideal in A
consisting of all f ∈ B such that fA ⊆ B . By the proof of Lemma 9.6 of [12], J is a maximal
ideal in B , so that J is the kernel of a complex-valued homomorphism φJ ∈ MB .
Choose g ∈ A such that g /∈ B , and let P(λ) be the minimal polynomial of g over J , so that
P(g) ∈ J . Adding a constant to g and P , we can assume P(0) = 0. Write P(λ) = λQ(λ), and
define h = Q(g). Then h ∈ A and gh ∈ J . By the definition of J , also g2h ∈ J , g3h ∈ J , etc.,
and so h2 = Q(g)h ∈ J . Thus the linear span of J , h, and 1 is a subalgebra of A.
We claim that h /∈ B . Indeed, if h ∈ B , and Q0(λ) = Q(λ) − φJ (h), then Q0(g) = h −
φJ (h) ∈ J , contradicting the fact that P is the minimal polynomial of g. Since B is maximal, the
linear span of J , h, and 1 is A, and B has codimension one in A. Thus the minimal polynomial P
of g has degree two, say P(λ) = λ(λ− λ0).
Each φ ∈ MB , φ = φJ , extends to a unique homomorphism φ˜ ∈ MA. Indeed, choose h ∈ J
that satisfies φ(h) = 0, and define φ˜ on f ∈ A by φ˜(f ) = φ(hf )/φ(h), f ∈ A. One checks that
this definition is independent of the h chosen, and that it is multiplicative, so that φ˜ ∈ MA, and φ˜
extends φ. Since any extension φ˜ satisfies this identity, the extension is unique.
If P(λ) = λ2, one checks directly that the functional defined by φ˜J (a+ bg+ k) = a for k ∈ J
is a unique extension to A of φJ . In this case, MB = MA.
If P(λ) = λ(λ − λ0) where λ0 = 0, one checks directly that there are two extensions ψ,ψ0
of φJ to A, determined by ψ(g) = 0 and ψ0(g) = λ0. In this case, MB is obtained from MA by
identifying the two homomorphisms ψ,ψ0 ∈ MA. 
Theorem 3.4. Suppose the only weak-star continuous complex-valued homomorphisms of
H∞(BE) are the evaluation functionals at points of BE . If Cϕ : H∞(BE) → H∞(BE) is Fred-
holm, then ϕ maps BE bicontinuously onto BE .
Proof. It suffices to show that ϕ is onto and one-to-one. Since ϕ is closed, it is then bicontinuous.
We begin by proving that ϕ is onto.
Suppose that Cϕ(f ) = 0. Then Cϕ(gf ) = Cϕ(g)Cϕ(f ) = 0 for all g ∈ H∞(BE). Since the
kernel of Cϕ is finite-dimensional, we conclude that f = 0. Thus the null space of Cϕ is {0}.
Since Cϕ is a Fredholm operator, Cϕ maps H∞(BE) bicontinuously onto a closed subspace
of finite codimension in H∞(BE). Let A denote the range of Cϕ . Since Cϕ is multiplicative, A is
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algebra isomorphism, hence an isometric isomorphism of H∞(BE) onto A.
We denote the spectrum of H∞(BE) byM and the spectrum of A by MA. Since A has finite
codimension in H∞(BE), it follows from Lemma 3.3 that the spectrum MA of A is obtained
from M by identifying a finite number of pairs of points. We denote by x¯ the point of MA
corresponding to x ∈M.




)= (Ĉϕf )(x), x ∈M, f ∈ H∞(BE).
Since Cϕ is an isometric isomorphism of H∞(BE) onto A, the adjoint of Cϕ induces a homeo-




)= (Ĉϕf )(x¯), x¯ ∈ MA, f ∈ H∞(BE).
Comparing these identities, we see that ψ(x¯) = ϕˆ(x) for x ∈M. Thus ϕˆ identifies the pairs of
points ofM that are identified by A, and otherwise ϕˆ is one-to-one. Since ψ maps MA ontoM,
ϕˆ mapsM ontoM.
Since the weak-star topology on bounded subsets of H∞(BE) is the topology of pointwise
convergence, and since Cϕ is a weak-star continuous isometry, it is easy to check that the closed
unit ball of A is a weak-star closed subset of H∞(BE), thus A is weak-star closed in H∞(BE) by
the Krein–Šmulian theorem. Therefore A is also a dual space, with predual 1(BE)/A⊥. Since
A⊥ is the direct sum of H∞(BE)⊥ and a finite-dimensional space of weak-star continuous linear
functionals on H∞(BE), the weak-star topology of A is the restriction to A of the weak-star
topology of H∞(BE). The operator Cϕ , regarded as an operator from H∞(BE) to A, is the
adjoint of the operator C∗ given by δz + A⊥ → δϕ(z) + H∞(BE)⊥. The operator C∗ is also an
isometric isomorphism, and hence Cϕ is bicontinuous with respect to the weak-star topologies of
H∞(BE) and A. Under the map ψ , weak-star homomorphisms of A then correspond to weak-
star continuous homomorphisms of H∞(BE), that is, x¯ ∈ MA is weak-star continuous if and
only if ψ(x¯) ∈M is weak-star continuous. Now x¯ is weak-star continuous on A if and only if x
is weak-star continuous on H∞(BE). From our hypothesis, we conclude that x ∈ BE if and only
if ϕˆ(x) ∈ BE . Since ϕˆ mapsM ontoM, we conclude that ϕ maps BE onto BE , and ϕ is onto.
Since MA is obtained fromM by identifying a finite number of pairs of points, in particular ϕ
identifies only finitely many pairs of (distinct) points.
Fix w0 ∈ BE , and suppose that ϕ−1(w0) = {z1, . . . , zm}. We may choose a small open neigh-
borhood U of w0 such that ϕ−1(w) consists of exactly one point for each w ∈ U\{w0}. Choose
δ > 0 such that the closed balls Bδ(zj ), j = 1, . . . ,m, are pairwise disjoint and contained
in ϕ−1(U). Since ϕ is closed, the sets ϕ(Bδ(zj )) are closed, and the sets ϕ(Bδ(zj )\{zj }),
j = 1, . . . ,m, are pairwise disjoint.









Otherwise, since ϕ is onto, there is a sequence {xk} in BE such that xk /∈ ⋃j Bδ(zj ) and
ϕ(xk) → w0. Since ϕ is proper, we can pass to a subsequence and assume that xk → x ∈ BE .
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tion establishes our claim.
Now the sets ϕ(Bδ(zj ))∩Bε(w0)\{w0}, j = 1, . . . ,m, decompose the set Bε(w0)\{w0} into a
finite number of disjoint relatively closed subsets. Since Bε(w0)\{w0} is connected, there can be
only one set in this decomposition. It follows that m = 1, and w0 has only one preimage. Since
w0 ∈ BE is arbitrary, ϕ is one-to-one. 
4. Bianalyticity of symbols of Fredholm composition operators
Let E and F be Banach spaces. The operator T : E → F is upper semi-Fredholm if the
dimension of its kernel Ker(T ) is finite and its image Im(T ) is closed. The operator T is lower
semi-Fredholm if its image has finite codimension. The index ind(T ) of a (either upper or lower)
semi-Fredholm operator T is the dimension of its null space minus the codimension of its image,
which might be ±∞. An operator is semi-Fredholm if and only if its adjoint is semi-Fredholm.
An operator T is upper semi-Fredholm with complemented image if and only if there is an
operator R : F → E such that RT − IE is compact. Similarly, an operator T is lower semi-
Fredholm with complemented kernel if and only if there is an operator S : F → E such that
T S − IF is compact. (See [17].)
In order to deduce the bianalyticity of the symbol from the bicontinuity, we will use the
following version of the inverse function theorem, which was proved in [6] for Hilbert spaces.
Our proof follows its pattern.
Theorem 4.1. Let E and F be complex Banach spaces, let Ω be an open subset of E, and
let a ∈ Ω , b ∈ F . Let ϕ : Ω → F be an analytic mapping such that ϕ(a) = b and such that
ϕ′(a) : E → F is a semi-Fredholm operator with complemented kernel and image.
(i) If ind(ϕ′(a)) 0 and ϕ′(a) is not invertible, then ϕ is not injective in any neighborhood of a.
(ii) If ind(ϕ′(a)) < 0, then the ϕ-image of any sufficiently small open neighborhood of a in E is
not open in F .
Proof. Let p : E → Ker(ϕ′(a)) be a projection of E onto Ker(ϕ′(a)), and let M be the kernel
of p. Let N be a complementary subspace to Im(ϕ′(a)). Then E = Ker(T ) ⊕ M and F = N ⊕







where T = ϕ′(a)|M : M → Im(ϕ′(a)) is invertible.
Set P = p ◦ ϕ and Q = q ◦ ϕ. Then dPa = p ◦ T = 0, and dQa = q ◦ T .
We will apply the implicit function theorem to Q = q ◦ ϕ : Ω ⊂ Ker(T ) ⊕ M → Im(T ) at
the point a ≡ (a1, a2), with ϕ(a) ≡ (b1, b2). Note that Q(a1, a2) = b2, and D2Q(a1, a2) = T is
invertible. Hence there is an open neighborhood U1 of a1 in Ker(T ), an open neighborhood U2
of a2 in M , and an analytic mapping φ from U1 onto U2 such that for each x ∈ U1, φ(x) is the
unique point y ∈ U2 satisfying Q(x,y) = b2. Further, φ′(x) = −[(D2Q)−1 ◦D1Q](x,φ(x)), so
that φ′(a1) = 0.
Let q : F → N be the projection of F onto N whose kernel is Im(ϕ′(a)), and define Φ :
U1 → N by Φ(x) = q(ϕ(x,φ(x))). Then Φ is analytic, and Φ ′(a1) = 0.
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finite-dimension. Since Φ ′(a1) = 0, the analytic function Φ cannot be one-to-one in any neigh-
borhood of a1 (use the inverse function theorem for a finite number of complex variables).
Hence there are distinct points x1, x2 in U1 such that Φ(x1) = Φ(x2). Then ϕ(x1, φ(x1)) =
ϕ(x2, φ(x2)), and ϕ is not injective in the open neighborhood U1 ⊕U2 of a in E.
If ind(ϕ′(a)) > 0, we can take a subspace L of Ker(ϕ′(a)) of the same finite-dimension as N
and apply the preceding case to the restriction of ϕ to L⊕M . This establishes (i).
Suppose next that ind(ϕ′(a)) < 0. Since dim Ker(T ) < dimN , Φ(U1) is nowhere dense in N ,
and Φ(U1)⊕b2 is nowhere dense in N⊕b2. Now note that for x ∈ U1, y ∈ U2, we have ϕ(x, y) ∈
N ⊕b2 if and only if y = φ(x) is the unique point in U2 satisfying q(ϕ(x, y)) = b2, which occurs
if and only if ϕ(x, y) = Φ(x) ⊕ b2. Thus the ϕ-image of U1 ⊕ U2 meets N ⊕ b2 in a nowhere
dense subset Φ(U1)⊕ b2 of N ⊕ b2, and ϕ(U1,U2) is not an open subset of F , from which (ii)
follows. 
Now we return to our composition operator Cϕ on H∞(BE).
Lemma 4.2. If Cϕ : H∞(BE) → H∞(BE) is Fredholm, then for all z ∈ BE ϕ′(z) : E → E is
upper semi-Fredholm with complemented image.
Proof. As noted previously, the pre-adjoint operator Cϕ on 1(BE)/H∞(BE)⊥ is also a Fred-
holm operator. Thus there is an operator S on 1(BE)/H∞(BE)⊥ such that SCϕ − I is compact.
Recall (Section 2) the notation for the pre-adjoints j for i and ez for dz. Premultiplying by j , post-
multiplying by ez, and using j ◦ez = IE , we see that j ◦S ◦Cϕ ◦ez−IE is compact. We substitute
the identity Cϕ ◦ ez = eϕ(z) ◦ ϕ′(z) from Lemma 2.3 to conclude that j ◦ S ◦ eϕ(z) ◦ ϕ′(z) − IE
is compact. Consequently ϕ′(z) has a left inverse modulo compact operators on E, and ϕ′(z) is
upper semi-Fredholm with complemented image. 
Proof of Theorem 1.1. The preceding lemma guarantees that ϕ′(z) is upper semi-Fredholm with
complemented image, and we may apply the inverse function theorem, Theorem 4.1. According
to Theorem 3.4, ϕ is a bicontinuous mapping, so we conclude from Theorem 4.1 that ϕ′(z) is
invertible for all z ∈ BE . This is enough to prove that ϕ−1 is holomorphic (see for instance [5,
p. 63]). 
5. Application to weighted composition operators on H∞(BE)
We apply our main result to weighted composition operators. For fixed g ∈ H∞(BE), we
denote by Mg the multiplication operator f → gf on H∞(BE). The line of argument of Axler
in [2] leads to the following result.
Theorem 5.1. Let E be a Banach space of dimension at least two, and let g ∈ H∞(BE). If the
multiplication operator Mg : H∞(BE) → H∞(BE) is Fredholm, then 1/g ∈ H∞(BE), and Mg
is invertible.
Proof. If g(a) = 0, then the evaluation functional at a annihilates the image of Mg . Since the
image has finite codimension, there can be at most finitely many points at which g vanishes.
Since dim E > 1, g has no isolated zeros, and consequently g does not vanish on BE . Thus 1/g
is analytic on BE . We must show that 1/g is bounded.
1512 P. Galindo et al. / Journal of Functional Analysis 258 (2010) 1504–1512Suppose 1/g is not bounded. Then there is a sequence {xn} in BE such that ‖xn‖ → 1 and
g(xn) → 0, say |g(xn)|  1/n. Passing to a subsequence, we can assume that {xn} is an inter-
polating sequence for H∞(BE) (see [1,10]). For each N  1, choose a function gN ∈ H∞(BE)
such that gN(xn) = 0 for 1  n < N , gN(xn) = g(xn) for n  N , and ‖gN‖  C/n, where C
is the interpolation constant for the interpolating sequence {xn}. Since g − gN vanishes on the
tail of the interpolating sequence, the image of Mg−gN has infinite codimension in H∞(BE),
and Mg−gN is not Fredholm. Since ‖Mg−gN −Mg‖ ‖gN‖ → 0, and since the set of Fredholm
operators is open, Mg cannot be Fredholm. This contradiction establishes the theorem. 
The assumption dimE > 1 cannot be avoided, as it is pointed out by the case E = C and
g(z) = z. The multiplication operator Mg is Fredholm since it is one-to-one and its image is the
set of functions in H∞ that vanish at 0. A characterization of Fredholm multiplication operators
on H∞ was obtained in [3].
Theorem 5.2. Let E be a Banach space of dimension at least two, and suppose E has the ap-
proximation property. Let g ∈ H∞(BE). If Mg ◦Cϕ : H∞(BE) → H∞(BE) is Fredholm, then it
is invertible, and both Mg and Cϕ are invertible operators.
Proof. The image of Mg includes the image of Mg ◦Cϕ , hence has finite codimension. It follows
that g has at most finitely many zeros, hence no zeros. Thus the kernel of Mg is {0}, and Mg is
Fredholm. By the preceding theorem, Mg is invertible. It follows that Cϕ is Fredholm, hence by
Theorem 1.1 Cϕ is invertible. 
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